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TRACIALLY SEQUENTIALLY-SPLIT ∗-HOMOMORPHISMS
BETWEEN C∗-ALGEBRAS
HYUN HO LEE AND HIROYUKI OSAKA
Abstract. We define a tracial analogue of the sequentially split ∗-homomorphism
between C∗-algebras of Barlak and Szabo´ and show that several important ap-
proximation properties related to the classification theory of C∗-algebras pass from
the target algebra to the domain algebra. Then we show that the tracial Rokhlin
property of the finite group G action on a C∗-algebra A gives rise to a tracial ver-
sion of sequentially split ∗-homomorphism from A⋊αG to M|G|(A) and the tracial
Rokhlin property of an inclusion C∗-algebras A ⊂ P with a conditional expectation
E : A → P of a finite Watatani index generates a tracial version of sequentially
split map. By doing so, we provide a unified approach to permanence properties
related to tracial Rokhlin property of operator algebras.
1. Introduction
Rokhlin-type properties in operator algebras, which emerged from Connes’ work
on the cyclic group action on von Neumann algebras [2], have played essential roles
leading to many beautiful results and formed a vast literature about them. In the
C∗-algebraic side, such properties are more delicate and hard to deal with, but offer
much richer dynamical structures. Most Rokhlin-type properties are related to a
group action on C∗-algebras and varied by a group G. A Rokhlin property for Z and
R-action was suggested by A. Kishimoto [8, 9, 10, 11, 12] and a Rokhlin property for
a finite group action was suggested by M. Izumi [7].
On the other hand, Elliott classification program for nuclear C∗-algebras has ben-
efited from the abstract notions of various approximation properties, in particular so
called regularity properties such as finite nuclear dimension, Z-stability, and strict
comparision property [5]. A breakthrough result of H. Lin [14] changed the program
in a fundamental way to classify nuclear simple C∗-algebras satisfying one of regu-
larity properties with UCT by Elliott invariants. Related to such developments, the
local approximation property by a class of C∗-algebras coming from building blocks in
the inductive limit construction has been suggested and replaced the inductive limit
construction . More generally, a tracial version of local approximation, which roughly
allows a decomposition of finite subjects into a building block in the designated class
and a part with small tracial error, has been initiated by H. Lin [13]. A formal
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definition for it was formulated by Elliott and Niu [4] and now became a standard
notion in the theory of C∗-algebras. As an example of fruitful interactions of tracial
approximation properties and Rokhlin type properties, the tracial Rokhlin property
of a finite group action on a C∗-algebra was suggested by N. C. Phillips [17] and he
extended some results which hold under the strict Rokhlin property of a finite group
action of M. Izumi. In 2014, the second named author and T. Teruya [16] formulated
the tracial Rokhlin property for the inclusion of unital C∗-algebras P ⊂ A with a
conditional expectation E : A → P of finite Watatani index and showed many im-
portant approximation properties pass from A to P which generalize original results
in the case of the strict Rokhlin property [15].
Considering not only the strict Rokhlin property for both a finite (compact) group
action and an inclusion of unital C∗-algebras but also the notion of finite nuclear
dimension, a unified conceptual approach to permanence properties was found by
S. Barlak and G. Szabo´ in the framework of a sequentially split ∗-homomorphism
between C∗-algebras [1]. Strongly motivated by their brilliant notion, in this paper
we define a tracial version of the sequentially split ∗-homomorphism between C∗-
algebras and investigate the permanence properties from the larger algebra(the target
algebra) to the smaller algebra(the domain algebra). Existences of such morphisms
are guaranteed by showing that the tracial Rokhlin property for both a finite group
action and an inclusion of unital C∗-algebras of a finite index produces tracial versions
of sequentially split maps. Our main result is as follows;
Suppose that there is a tracially sequentially split ∗-homomorphism from a unital
separable C∗-algebra A to a unital separable simple C∗-algebra B, then if B satisfies
the following properties, then A does too.
• stable rank one
• real rank zero
• strict comparision property
• tracially approximated by a class
• Z-stable
• stably finite
We would like to point out some remarks related to our notion. Though our notion
about the tracially sequentially-split map is obtained by weakening the rigidity of an
approximate left inverse, the arguments and methods are substantially different with
ones used in [1]. In addition, to show that permanence properties pass from the target
algebra to the domain algebra we assume that the target algebra is simple in most
cases. We do not know whether our results still hold even if we drop the simplicity
of target algebras.
2. Tracially sequentially-split homomorphism between C∗-algebras
and permanence properties
For A a C∗-algebra, we set
c0(N, A) = {(an) | lim
n→∞
‖an‖ = 0}
l∞(N, A) = {(an) | {‖an‖} bounded}
Then we denote by A∞ = l
∞(N, A)/c0(N, A) as a sequence algebra of A with the
norm of a given by lim supn ‖an‖ where (an)n is a representing sequence of a. We can
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embed A into A∞ as a constant sequence, and we denote the central sequence algebra
of A by
A∞ ∩ A
′.
For an automorphism of α, we also denote by α∞ the induced automorphism on A∞.
In our paper we are interested a class closed under some conditions that could be
varied by various purposes.
Definition 2.1. Let C be a class of unital separable (weakly) semi-projective C∗-
algebras whose quotients can be locally approximated by C∗-algebras in C such that
(1) if A ∈ C, then Mn(A) ∈ C,
(2) if A ∈ C, then any hereditary subalgebra of A is in C.
On the other hand, Osaka and Teruya [16] consider the following class S.
Definition 2.2. Let S be a class of unital separable C∗-algebras. Then S is finitely
saturated if the following closure conditions hold:
(1) If A ∈ S and B ∼= A, then B ∈ S.
(2) If A1, A2, . . . , An ∈ S, then
⊕n
i=1Ai ∈ S.
(3) If A ∈ S, then Mn(A) ∈ S.
(4) If A ∈ S and p ∈ A a nonzero projection , then pAp ∈ S.
Moreover, the finite saturation of S is the smallest finite saturated class which contains
S.
Elliott and Niu [4] considered a class satisfying the above conditions as an example
of S, which consists of all interval algebras and closed under a finite direct sum. In
Elliott classification program, the most natural examples of C are the set of finite
dimensional C∗-algebras and the set of so called 1-dimensional NCCW, which are of
the form F1 ⊕ (F2 ⊗ C[0, 1]) where Fi’s are finite dimensional C
∗-algebras. In the
following definition, the class C is not necessarily same as one in Definition 2.1 or
Definition 2.2.
Definition 2.3 (Elliott and Niu). A unital C∗-algebra A belongs to the class TA C
if for every finite set F ⊂ A and every ǫ > 0, and every nonzero a ∈ A+, there exist
a projection p ∈ A and a C∗-subalgebra C(⊂ A) in C with 1C = p such that for all
x ∈ F
(1) ‖px− xp‖ ≤ ǫ,
(2) dist(pxp, C) ≤ ǫ,
(3) 1− p is Murray-von Neumann equivalent to a projection in aAa.
If A satisfies the first two conditions, then we say A is locally approximated by C∗-
algebras in C. When we consider the class TA C which satisfies the strict comparision
property, the following alternative condition is suggested to check the third condition
from time to time,
(3)’ τ(1− p) ≤ ǫ for all τ ∈ T (A) the convex set of tracial states of A.
Definition 2.4. Let A and B be separable C∗-algebras. A ∗-homomorphism φ : A→
B is called tracially sequentially-split, if for every positive nonzero element z ∈ A∞
there exists a ∗-homomorphism ψ : B → A∞ and a nonzero projection g ∈ A∞ ∩ A
′
such that
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(1) ψ(φ(a)) = ag for each a ∈ A,
(2) 1A∞ − g is Murray-von Neumann equivalent to a projection in a hereditary
C∗-subalgebra zA∞z in A∞.
We also consider the following alternative stronger condition to replace (2) in the
above definition; for any δ > 0 there exist a ∗-homomorphism ψ : B → A∞ and a
projection g ∈ A∞ ∩ A
′ such that
(1) ψ(φ(a)) = ag for each a ∈ A,
(2)’ τ(1− g) < δ for all τ ∈ T (A∞).
Since (ψ◦φ)(a) = a−a(1A∞−ψ(1B)), ψ◦φ is equal to ι up to “tracially small error”.
If A and B are unital C∗-algebras and φ is unit preserving, then g = ψ(1B). Moreover,
if g = 1A∞ , then φ is called a (strictly) sequentially split ∗-homomorphism where the
second condition is automatic [1]. The ψ in the above definition is called a tracially
approximate left-inverse of φ. Although the diagram below is not commutative, we
still use it to symbolize the definition of a tracially sequentially-split map φ and its
tracial approximate left inverse ψ;
(1) A
φ ❄
❄❄
❄❄
❄❄
❄
ι //❴❴❴❴❴❴❴ A∞
B
ψ
==⑤⑤⑤⑤⑤⑤⑤⑤
Definition 2.5. A C∗-algebra A has the property (SP) if any nonzero hereditary
C∗-subalgebra of A has a nonzero projection.
Proposition 2.6. Let φ : A → B be a tracially sequentially-split ∗-homomorphism.
Then A has the property (SP) or φ is a (strictly) sequentially split ∗-homomorphism.
Proof. Suppose that A has no property (SP), then A∞ has no property (SP). Then
there is a positive nonzero element x in A∞ which generates a hereditary subalgebra
that contains no nonzero projections. Then since φ : A→ B is tracially sequentially-
split, there are a projection g ∈ A∞ ∩ A
′ and a ∗-homomorphism ψ : B → A∞ such
that
(1) ψ(φ(a)) = ag for all a ∈ A,
(2) 1− g is Murray-von Neumann equivalent to a projection in xA∞x.
The second condition implies 1 − g = 0 so that ψ(φ(a)) = a, thus φ is strictly
sequentially split. 
Theorem 2.7. Let A and B be unital C∗-algebras and φ : A→ B be a unital tracially
sequentially-split map. Then if B is simple, then A is simple. Moreover, if B is simple
and stably finite, then so is A.
Proof. Let I be a non-zero two sided closed ideal of A and take a positive nonzero
element x in I. Then there are elements bi’s and ci’s such that
∑n
i=1 biφ(x)ci = 1
since B is simple. Then we consider a tracially approximate inverse ψ : B → A∞ and
a projection g ∈ A∞ ∩A
′ such that ψ(φ(a)) = ag and 1− g . x. We note that ψ(bi)
and ψ(ci) are elements of gA∞g. Then for any ǫ > 0, there is an element r ∈ A∞
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such that ‖rxr∗ − (1− g)‖ < ǫ.
(2) ‖rxr∗ +
∑
ψ(bi)xψ(ci)− 1‖ < ‖rxr
∗ − (1− g) +
∑
i
ψ(bi)xψ(ci)− g‖ < ǫ
Thus if we represent r as [(rn)n], ψ(bi) as [(b
i
n)n], and ψ(ci) as [(c
i
n)n] respectively,
then we have
lim sup ‖rnxr
∗
n +
∑
i
binxc
i
n − 1‖ < ǫ
Thus for large enough n,
‖rnxr
∗
n +
∑
i
binxc
i
n − 1A‖ < 2ǫ
This means that 1A ∈ I, thus A = I.
Next, suppose B is simple and stably finite. SinceMn(A∞) ∼= (Mn(A))∞, and φ⊗idMn
is also tracially sequentially-split, it is enough to show that if B is finite and simple,
then A is finite. Let v be an isometry in A. Then consider φ(v) which is again
isometry. But B is finite so that φ(v)φ(v∗) = 1. By applying ψ to both sides, we get
(vv∗ − 1)g = 0.
However, the map from A to A∞ defined by x 7→ xg is injective since A is simple. It
follows that 1− vv∗ = 0, so we are done. 
Theorem 2.8. Let A and B unital C∗-algebras and φ : A → B be a unital tracially
sequentially-split map. Then if B is simple and tsr(B) = 1, then so is A.
Proof. We may assume A has property (SP), otherwise the conclusion follows from
[1, Theorem 2.9]. Since B is simple and stably finite, A is simple and stably finite
by Theorem 2.7. In view of [, ], it is enough to show that we can approximate a two
sided zero divisor x by an invertible element in A∞.
Let y be an element in A such that yx = xy = 0 and ǫ > 0 given. Then consider
a hereditary C∗-algebra generated by y which contains a nonzero projection e. Then
we can find orthogonal subprojections e1 and e2 such that e1 + e2 = e and e1 . e2
since A is simple and has property (SP). yx = 0 implies that xe = 0, thus xe1 = 0.
Similarly, e1x = 0. Thus x = (1− e1)x(1− e1). Then φ(x) ∈ (1− φ(e1))B(1− φ(e1)).
Since the stable rank of the hereditary C∗-subalgebra of B is preserved, we can find
an invertible element b in (1− φ(e1))B(1− φ(e1)) such that
‖φ(x)− b‖ < ǫ/3.
Then we invoke a tracial approximate inverse ψ : B → A∞ such that 1 − ψ(1) is
Murray-von Neumann equivalent to a projection in e2A∞e2, i.e., 1−ψ(1) . e2. Then
‖ψ(b)− ψ(φ(x))‖ = ‖ψ(b)− xg‖ < ǫ/3
where g = ψ(1). In addition, there is a partial isometry w in A∞ such that w
∗w = 1−g
and ww∗ ≤ e1. Let v = w(1− e1). Note that v
∗v = (1− g)(1− e1) and vv
∗ ≤ e1.
Consider c = (1− g)x(1− g) + ǫ/6(v + v∗ + e1 − vv
∗), in a matrix form with respect
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to (1− g)(1− e1), g(1− e1), e1;

(1− g)x(1− g) 0 ǫ
6
v∗ 0
0 0 0 0
ǫ
6
v 0 0 0
0 0 0 ǫ
6
(e1 − vv
∗)

 .
It is not difficult to verify that c is invertible element in (1−g)(1− e1)A∞(1− e1)(1−
g) + e1A∞e1. Then ψ(b) + c is invertible element in A∞ and
‖x− ψ(b) + c‖ = ‖xg + (1− g)x(1− g)− ψ(b) + c‖
≤ ‖xg − ψ(b)‖+ ǫ/6‖v + v∗ + e1 − vv
∗‖
≤ ǫ/3 + ǫ/2 < ǫ.

Theorem 2.9. Let A and B unital C∗-algebras and φ : A → B be a unital tracially
sequentially-split map. Then if B is simple and real rank zero, then so is A.
Proof. We may assume that A has property (SP), otherwise the conclusion follows
from [1, Theorem 2.9]. Let x be a self-adjoint element in A, then we consider a
continuous function f as defined below;
f(t) =


1 if |t| ≤ ǫ
12
,
0 if |t| ≥ ǫ
6
,
linear when ǫ
12
≤ |t| ≤ ǫ
6
.
We may assume that f(x) 6= 0. Then f(x)Af(x) the hereditary C∗-algebra contains a
nonzero projection e and there are mutually orthogonal projections e1 and e2 such that
e = e1 + e2 and e2 . e1. Note that ‖yx‖ ≤
ǫ
6
for any y ∈ f(x)Af(x). It follows that
‖x−(1−e1)x(1−e1)‖ ≤
ǫ
6
. Again we have a tracial approximate inverse ψ : B → A∞
such that ψ(φ(a)) = ag and 1− g is Murray-von Neumann equivalent to a projection
in the hereditary subalgebra generated by e2 in A∞ where g = ψ(1) ∈ A∞∩A
′. Then
we can find a self-adjoint invertible element b in (1− φ(e1))B(1− φ(e1)) such that
‖(1− φ(e1))φ(x)(1− φ(e1))− b‖ <
ǫ
6
, and take c as in the proof of Theorem 2.8. Note that c is a self-adjoint element.
Then ψ(b) + c is a self-adjoint invertible element in A∞ and
‖x− (ψ(b) + c)‖ = ‖x− (1− e1)x(1− e1) + (1− e1)x(1− e1)− ψ(b)− c‖
≤
ǫ
6
+ ‖(1− e1)x(1− e1)g − ψ(b)‖+
ǫ
6
‖v + v∗ + e1 − vv
∗‖
≤ ǫ/3 + ǫ/2 < ǫ.

Theorem 2.10. Let A and B be two unital C∗-algebras, and φ : A → B be a
tracially sequentially split ∗- homomorphism. Let C be a class as in Definition 2.1
which satisfies the strict comparision property. If B belongs to TA C, then so does A.
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Proof. It is enough to show that given a finite set F ⊂ A, ǫ > 0, there is a unital
C∗-subalgebra C of A in C and a projection p = 1C such that for all x ∈ F
(1) ‖px− xp‖] ≤ ǫ,
(2) dist(pxp, C) ≤ ǫ,
(3) τ(p) ≥ 1− ǫ for all τ ∈ T (A).
Consider a finite set φ(F ) ⊂ B. Then since B belongs to TA C, we have a unital
C∗-algebra B1 ⊂ B and B1 ∈ C such that for all x ∈ F
(a) ‖1B1φ(x)− φ(x)1B1‖ ≤ ǫ,
(b) dist(1B1φ(x)1B1 , B1) ≤ ǫ,
(c) τ(1B1) ≥ 1− ǫ.
Now ψ|B1 : B1 → A∞ is a ∗-homomorphism and B1 is a semi-projective C
∗-algebra,
there exist a lift κ : B1 → l
∞(N, A) such that the following diagram commutes.
l∞(N, A)

B1
κ
::✉✉✉✉✉✉✉✉✉
ψ
// A∞
We write κ = (κ1, κ2, . . . ) where each κn is a ∗-homomorphism from B1 to A. Note
that
[ψ(1B1), ψ(φ(x))] = ψ(1B1)xψ(1B)− xψ(1B)ψ(1B1)
= ψ(1B1)ψ(1B)x− xψ(1B)ψ(1B1)
= ψ(1B1)x− xψ(1B1)
= [ψ(1B1), x]
Thus we have for all x ∈ F
‖[ψ(1B1), x]‖ ≤ ǫ
It follows that for all x ∈ F
(3) lim sup
n
‖[κn(1B1), x]‖ ≤ ǫ
Moreover, dist(ψ(1B1)ψ(φ(x))ψ(1B1), ψ(B1)) = dist(ψ(1B1)xψ(1B1), ψ(B1)) ≤ ǫ. It
follows that
(4) lim sup
n
dist(κn(1B1)xκn(1B1), κn(B1)) ≤ ǫ
Also, for any τ ∈ T (A∞), ψ∗(τ) ∈ T (B), then by the condition (c) we have
(5) τ(ψ(1B1)) ≥ 1− ǫ.
Sublemma 2.11. Let a ∈ A∞ be positive contraction such that τ(a) ≥ c > 0 for any
τ ∈ T (A∞), then any representing sequence (an)n satisfies
lim inf
n
min
τ∈T (A)
τ(an) ≥ c
With this lemma and (5), we conclude that
(6) lim inf
n
min
τ∈T (A)
τ(κn(1B1)) ≥ 1− ǫ.
Therefore, we have the following estimates for a suitable n,
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(1)’ ‖[κn(1B1), x]‖ ≤ 2ǫ for all x ∈ F ,
(2)’ dist(κn(1B1)xκn(1B1), κn(B1)) ≤ 2ǫ for al x ∈ F ,
(3)’ τ(κn(1B1)) ≥ 1− 2ǫ.
Consider a finite set G ⊂ κn(B1) consisting of y’s such that ‖κn(1B1)xκn(1B1)− y‖ ≤
2ǫ for each x ∈ F by (2)’. Since C is a class such that any quotient of C∗-algebra in
C is locally approximated by a C∗-algebra in C unitally, we have a C∗-algebra C ∈ C
such that C ⊂ κn(B1) with 1C = κn(1B1) such that for any y ∈ G
(7) dist(y, C) ≤ ǫ
Consequently, we show that there exist a C∗-subalgebra C ⊂ A such that for all
x ∈ F
(1) ‖[1C, x]‖ ≤ 2ǫ,
(2) dist(1Cx1C , C) ≤ 3ǫ,
(3) τ(1C) ≥ 1− 2ǫ.
So we are done. 
Because Toms-Winter conjecture is yet confirmed (the implication from the strict
comparison property to Z-stability is not complete in full generality) [19], we provide
the following observation based on [16] which is applicable even in the absence of
traces.
Theorem 2.12. Let A and B be separable unital C∗-algebras and S be a class of unital
(weakly) semi-projective C∗-algebras satisfying the conditions as in Definition 2.2 (in
fact, we do not need the condition (2)). Let φ : A→ B be a tracially sequentially-split
map. Then if B is simple and B ∈ TAS, then so does A.
Proof. Again we assume A has the property (SP). Consider a triple (F, ǫ, a) where F
is a finite set, ǫ > 0, and a is a nonzero positive element in A. We must show that
there exist a projection p and C∗-subalgebra C(⊂ A) in S with 1C = p such that for
all x ∈ F
(1) ‖px− xp‖ ≤ ǫ,
(2) dist(pxp, C) ≤ ǫ,
(3) 1− p is Murray-von Neumann equivalent to a projection in aAa.
We can take two orthogonal projections r1 and r2 in aAa. Then φ(r1) ⊥ φ(r2). For a
triple (G = φ(F ), ǫ, φ(r1)), since B ∈ TAS, we have a projection p
′ and a C∗-algebra
C ′ in S with 1C′ = p
′ such that for all x ∈ F
(1) ‖p′φ(x)− φ(x)p′‖ ≤ ǫ,
(2) dist(p′φ(x)p′, C ′) ≤ ǫ,
(3) 1− p′ is Murray-von Neumann equivalent to a projection s in φ(r1)Bφ(r1).
Then for r2 > 0, there are a projection g ∈ A∞ ∩A
′ and a ∗-homomorphism ψ : B →
A∞ such that
(i) ψ(φ(a)) = ag,
(ii) 1− g ∼ r where r is a projection in r2A∞r2 in A∞.
Since C ′ is (weakly) semi-projective, we can lift a restriction of ψ to C ′ denoted by
ψ|C′ to l
∞(N, A). In other words, we have a sequence of ∗-homomorphism ψk from
C ′ to A such that ψ(c) = (ψk(c))k +C0(N, A). Note that each ψk is injective since B
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is simple and ψ|C′ is injective. So ψk(C
′) ∈ S.
Then from (i) for all x ∈ F
‖ψ(p′)x− xψ(p′)‖ ≤
ǫ
2
.
Or,
(8) lim sup
k
‖ψk(p
′)x− xψk(p
′)‖ ≤
ǫ
2
.
From (ii) for all x ∈ F
dist(ψ(p′)xψ(p′), ψ(C ′)) ≤
ǫ
2
Or,
(9) lim sup
k
[dist(ψk(p
′)xψk(p
′), ψk(C
′))] ≤
ǫ
2
.
Moreover,
1− ψ(p′) = 1− g + g − ψ(p′)
= 1− g + ψ(1− p′)
∼ r + ψ(s) ∈ aA∞a.
Then for large enough k we can conclude for all x
(1) ‖ψk(1C′)x− ψ(1C′)‖ ≤ ǫ,
(2) dist(ψk(1C′)xψk(1C′), ψk(C
′)) ≤ ǫ
together with the fact that 1 − ψk(1C′) is Murray-von Neumann equivalent to a
projection aAa in A. 
Now we turn to the strict comparision property and Z-stability.
Lemma 2.13. Let A be a unital C∗-algebra and B be a hereditary C∗-subalgebra.
Suppose that r ≤ q be two projections in A and q ∼ p in A where p is a projection in
B. Then there is a projection r′ ∈ B such that r ∼ r′ and r′ ≤ p.
Proof. Let v be a partial isometry in A such that vv∗ = q, v∗v = p. Then take
r′ = v∗rv and it follows that r′ is a projection and r ∼ r′. Note that pr′ = r′ = r′p,
so r′ ≤ p. The fact p ∈ B implies that r′ ∈ B. 
Let us recall that we write x . y in a unital C∗-algebra A if there exist a sequence
rn ∈ A such that rnyr
∗
n → x in norm which was introduced by J. Cuntz [3]. For each
ǫ > 0 define fǫ : R+ → R+ by
fǫ(t) =


0, 0 ≤ t ≤ ǫ,
ǫ−1(t− ǫ) ǫ ≤ t ≤ 2ǫ,
1 2ǫ ≤ t.
We note a useful characterization of the Cuntz subequivalence due to M.Rordam.
Proposition 2.14 (Rordam). The following are equivalent;
(1) x . y.
(2) There exist rn in A such that rnyr
∗
n → x.
(3) For every ǫ > 0 there exist δ > 0, r ∈ A such that rfδ(y)r
∗ = fǫ(x).
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We say a and b are Cuntz equivalent if a . b and b . a. We write 〈a〉 for
the equivalence class of a. Then we recall the definition of the strict comparision
property; Let A be a unital nuclear C∗-algebra, and denote by T (A) the space of
normalized traces on A. Given τ ∈ T (A), we define a lower semicontinuous map
dτ : M∞(A)+ → R
+ by
dτ (a) = lim
n→∞
τ(a1/n).
where M∞(A)+ denotes the positive elements in M∞(A) that is the algebraic limit
of the directed system (Mn(A), φn). If A has the property that a . b whenever
dτ (a) < dτ (b) for every τ ∈ T (A), then we say A has the strict comparison property
of positive elements or shortly strict comparison.
Definition 2.15 (Hirshberg and Orovitz). We say that a unital C∗-algebra A is
tracially Z-absorbing if A ≇ C and for any finite set F ⊂ A, ǫ > 0, and nonzero
positive element a ∈ A and n ∈ N there is an order zero contraction φ : Mn → A
such that the following hold:
(1) 1− φ(1) . a,
(2) for any normalized element x ∈Mn and any y ∈ F we have ‖[φ(x), a]‖ < ǫ.
Recall that the Jiang-Su algebra Z is a simple separable nuclear and infinite-
dimensional C∗-algebra with a unique trace and the same Elliott invariant with C.
We say that A is Z-stable or Z-absorbing if A⊗ Z ∼= A.
Theorem 2.16. Let A and B be two simple unital C∗-algebras and φ : A → B be
a tracially sequentially split unital ∗-homomorphism. If B is tracially Z-absorbing,
then so is A. Thus, if B is Z-absorbing, then A is also Z-absorbing provided that A
is nuclear.
Proof. Let F be a finite set of A, ǫ > 0, n ∈ N, z be a non-zero positive element
in A. We may assume A has property (SP); otherwise φ is sequentially split, so
the conclusion follows from Theorem 2.9 in [1] with the fact that the property of
tracially Z-absorbingness coincides with the property of Z-absorbingness for simple
C∗-algebras. So there are orthogonal projections p1, p2 in zAz a hereditary subalgebra
of A generated by z.
Set G = φ(F ) a finite set in B, then for φ(p1) there is an order zero contraction
φ′ : Mn(C)→ B such that
(1) 1− φ′(1) . φ(p1),
(2) ∀x ∈Mn(C) such that ‖x‖ = 1, ‖[φ
′(x), y]‖ < ǫ for every y ∈ G.
Consider ψ˜ = ψ ◦ φ′ : Mn(C) → A∞ which is an order zero contraction where ψ is a
tracial approximate inverse with a projection g ∈ A∞ ∩ A
′ such that 1 − g . p2 in
A∞. Then
1− ψ˜(1) = 1− g + g − ψ(φ′(1))
= 1− g + ψ(1− φ′(1))
. 1− g + p1g
. p2 + p1 . z.
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Moreover, for a ∈ F
[ψ˜(x), a] = ψ(φ′(x))a− aψ(φ′(x))
= ψ(φ′(x))ga− agψ(φ′(x)) where ψ(1) = g
= ψ(φ′(x))ψ(φ(a))− ψ(φ(a))ψ(φ′(x))
= ψ([φ′(x), φ(a)]).
Therefore
(10) ‖[ψ˜(x), a]‖ < ǫ.
Since C∗(φ′(Mn(C))) ⊂ B is semi-projective, there is a lift ψ̂ : C
∗(φ′(Mn(C))) →
l∞(N, A) of ψ. We write
ψ̂(b) = (ψ̂n(b)) + C0(N, A)
where ψ̂n is a ∗-homomorphism from C
∗(φ′(Mn(C))) to A and write g = [(gn)n] where
ψ̂n(1) = gn.
Since lim supn ‖ψ̂n(φ(1))−p1gn‖ = 0, we can take a large enough n so that ‖ψ̂n(φ(1))−
p1gn‖ is very small. Then there is a projection p
′
1 ∈ p1Ap1 satisfying ψ̂n(φ(1)) ∼ p
′
1.
Simultaneously, we also control ‖[ψ̂n(φ
′(x)), a]‖ < 2ǫ from (10). Then
1− ψ̂n(φ
′(1)) = 1− gn + gn − ψ̂n(φ
′(1))
= 1− gn + ψ̂n(1− φ
′(1))
. 1− gn + ψ̂n(φ(p1))
. p2 + p
′
1
. z.
The last statement follows from [6, Proposition 2.2] and [6, Theorem 4.1]. 
We need a simple observation for the following result.
Proposition 2.17. Let A,B be separable unital C∗-algebras and a unital map φ :
A→ B is tracially sequentially-split ∗-homomorphism. If φ(a) . φ(b) for two positive
elements a, b ∈ A, then a . b.
Proof. Let gǫ(t) = max{t−ǫ, 0}. Then the positive part of a−ǫ1A denoted by (a−ǫ)+
is equal to gǫ(a). We want to show that (a − ǫ)+ . b for every ǫ > 0. Since φ is a
unital map, note that
(φ(a)− ǫ1B)+ = gǫ(φ(a)) = φ(gǫ(a)).
Since φ(a) . φ(b) in B, there exists δ > 0 and r ∈ B such that (φ(a) − ǫ)+ =
r∗(φ(b) − δ)+r ∼ (φ(b) − δ)
1/2
+ r((φ(b) − δ)
1/2
+ r)
∗ = b0 where the latter belongs to
φ(b)Bφ(b). Then we can take c ∈ A such that (b − δ)+ ⊥ c and take a tracially
approximate inverse ψ such that 1 − ψ(1) . c in A∞. Then ψ(b0) ∈ bA∞b and
ψ(b0) ⊥ c.
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Then with g = ψ(1)
(a− ǫ)+ = (a− ǫ)+g + (a− ǫ)+(1− g)
= ψ(φ((a− ǫ)+)) + (a− ǫ)+(1− g)
. ψ(b0) + c(1− g) ∈ bA∞b
. b in A∞.
Consequently, (a− ǫ)+ . b in A, so we are done. 
Theorem 2.18. Let A,B be simple, nuclear(exact), separable C∗-algebras and φ :
A → B be a tracially sequentially-split ∗-homomorphism. If B satisfies the strict
comparision property, so does A.
Proof. Since φ is tracially sequentially-split, for each n we can show that there exist a
projection gn ∈ A∞ ∩A
′ and a ∗-homomorphism ψn : B → A∞ such that τ(1− gn) <
1/n for every τ ∈ T (A∞) and ψn(φ(a)) = agn for all a ∈ A. Then we claim that
T (φ) : T (B) → T (A) is surjective. Let τ be a trace in A. Then we consider the
weak-∗ limit of traces τ∞ ◦ψn in T (B) denoted by w
∗− lim(τ∞ ◦ ψn) where τ∞ is the
induced trace on A∞. Then for a ∈ A
T (φ)([w∗ − lim(τ∞ ◦ ψn)])(a) = [w
∗ − lim(τ∞ ◦ ψn)](φ(a)))
= lim
n
τ∞(ψn(φ(a)))
= lim τ∞(agn)
= τ∞(a)− lim
n
τ∞(a(1− gn))
= τ(a).
Now given two positive elements a, b in A assume that dτ (a) < dτ(b) for all τ ∈ T (A).
Then we have dτ (φ(a)) < dτ (φ(b)) for all τ ∈ T (B).
Since B satisfies the strict comparison property, it follows that φ(a) . φ(b). Then by
Proposition 2.17 a . b in A, so we are done. 
3. Applications
Definition 3.1. Let A and B be unital C∗-algebras and G a finite group. Given
two actions α : G y A, β : G y B respectively, an equivariant ∗-homomorphism
φ : (A, α)→ (B, β) is called G-tracial sequentially-split, if there exists an equivariant,
tracially approximate left inverse ψ : (B, β)→ (A∞, α∞).
Definition 3.2. (Phillips[17]) Let G be a finite group and A be a separable unital
C∗-algebra. We say that α : G y A has the tracial Rokhlin property if for every
finite set F ⊂ A, every ǫ > 0, any nonzero positive element x ∈ A there exist {eg}g∈G
mutually orthogonal projections such that
(1) ‖αg(eh)− egh‖ ≤ ǫ, ∀g, h ∈ g,
(2) ‖ega− aeg‖ ≤ ǫ, ∀g ∈ G, ∀a ∈ F ,
(3) Write e =
∑
g eg, and 1−e is Murray-von Neumann equivalent to a projection
in xAx.
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Then the following is well-known, but we were not able to locate the reference for
it so that we include a proof here.
Theorem 3.3. Let G be a finite group and A be a separable unital C∗-algebra. Then
α : G y A has the tracial Rokhlin property if and only if for any nonzero positive
element x ∈ A∞ there exist a mutually orthogonal projections eg’s in A∞ ∩ A
′ such
that
(1) α∞,g(eh) = egh, ∀g, h ∈ G where α∞ : Gy A∞ is the induced action,
(2) for any positive x ∈ A∞, 1 −
∑
g eg is Murray-von Neumann equivalent to a
projection in xA∞x.
Proof. Take positive element x( 6= 0) in A∞. Then we can represent it as a sequence
(xn)n ∈ l
∞(A). Since A is separable, we can also take an increasing sequence of finite
sets F1 ⊂ F2 ⊂ · · · so that ∪nFn = A. Then for each n there exist eg,n’s which are
mutually orthogonal projections such that
(1) ‖αg(eh,n)− egh,n‖ ≤
1
n
, ∀g, h ∈ g,
(2) ‖ega− aeg‖ ≤
1
n
, ∀g ∈ G, ∀a ∈ Fn,
(3) 1−
∑
g eg,n is Murray-von Neumann equivalent to a projection qn in xnAxn.
Now we take eg = [(eg,n)n]. Then it is easily shown that eg’s are mutually orthogonal
projections in A∞ ∩A
′ and α∞,g(eh) = egh. Also
(1−
∑
g
eg,n)n ∼ (qn)n ∈ (xn)nl∞(N, A)(xn)n.
Then it follows that 1−
∑
g eg ∼ [(qn)n] ∈ xA∞x. 
Let σ : Gy C(G) be the canonical translation action.
Theorem 3.4. Let G be a finite group and A a separable unital C∗-algebra. Then
α : G y has the tracial Rokhlin property if and only if for every nonzero positive
element x in A∞ there exists a ∗-equivariant homomorphism φ from (C(G), σ) to
(A∞∩A
′, α∞) such that 1−φ(1C(G)) is Murray-von Neumann equivalent to a projection
in a hereditary C∗-subalgebra generated by x in A∞.
Proof. “=⇒”: Based on Theorem 3.3, for any nonzero positive x ∈ A∞ we can take
mutually orthogonal projections eg’s in A∞ ∩ A
′ such that 1 −
∑
eg - x. Then we
define φ(f) =
∑
g f(g)eg for f ∈ C(G). Then 1− φ(1C(G)) = 1 −
∑
g eg - x . Using
the condition (1) in Theorem 3.3, it is easily shown that φ is equivariant.
“⇐=”: Let x be a nonzero positive element in A∞ and suppose that we have an
equivariant ∗-homomorphism φ : (C(G), σ) → (A∞ ∩ A
′, α∞). Let χg be the char-
acteristic function on a singleton g. Then eg = φ(χg) is a projection in A∞ ∩ A
′
such that eg ⊥ eh for g 6= h and 1 −
∑
g eg = 1 − φ(1C(G)) - x. Moreover,
α∞,g(eh) = α∞,g(φ(χh)) = φ(σg(χh)) = φ(χgh) = egh, so we are done. 
Corollary 3.5. Let G be a finite group and α : G y A has the tracial Rokhlin
property. Then the map 1C(G) ⊗ idA : (A, α) → (C(G) ⊗ A, σ ⊗ α) is G-tracially
sequentially split.
Proof. (A∞ ⊗A, α∞ ⊗ α) can be identified with (A∞, α∞) by the map sending a⊗ x
to ax. Then we can easily show that φ ⊗ idA is the equivariant tracial approximate
inverse for every positive nonzero z in A∞. 
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Then we reprove that A ⋊α G inherits the interesting approximation properties
from A when a finite group action of G has the tracial Rokhlin property through the
notion of tracially sequentially-split map as one of our main results. We denote by
φ ⋊ G a map from A ⋊α G to B ⋊β G as a natural extension of an equivariant map
φ : (A, α) → (B, β) where α : G y A and β : G y B. In the following, we denote
u : G → U(A ⋊α G) as the implementing unitary representation for the action α so
that we write an element of A⋊α G as
∑
g∈G agug. The embedding of A into A⋊α G
is a 7→ aue.
Lemma 3.6. [17, Proposition 1.12] Let A be an infinite dimensional simple unital
C∗-algebra with the property (SP), and α : G y A be an action of a finite group
G on A such that A ⋊α G is also simple. Let B ⊂ A ⋊α G be a nonzero hereditary
C∗-subalgebra. Then there exists a nonzero projection p ∈ A which is Murray-von
Neumann equivalent to a projection in B in A⋊α G.
Corollary 3.7. Let G be a finite group and A be a separable unital simple infinite
dimensional C∗-algebra. Suppose that α : G y A has the tracial Rokhlin property.
Then the map (1C(G) ⊗ idA) ⋊ G from A ⋊ G to (C(G) ⊗ A) ⋊σ⊗α G is tracially
sequentially-split.
Proof. We may assume that A has the property (SP). It follows that A∞ also has the
property (SP). Take a nonzero positive element z in (A⋊αG)∞. Note that α : Gy A
is outer so that A⋊αG is simple. Then there is a projection p ∈ A∞ which is Murray-
von Neumann equivalent to a projection in z(A⋊α G)∞z by Lemma 3.6. Then we
take φ : C(G) → A∞ such that 1 − φ(1C(G)) is Murray-von Neumann equivalent to
a projection r in pA∞p. Since r ≤ p and z(A⋊α G)∞z is a hereditary C
∗-algebra,
1A∞ − φ(1C(G)) is Murray-von Neumann equivalent to a projection in z(A⋊α G)∞z
by Lemma 2.13.
Consider the following diagram depending on z
(A, α)
1⊗idA ((PP
PP
PP
PP
PP
PP
//❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴ (A∞, α∞)
(C(G)⊗ A, σ ⊗ α)
φ⊗idA
66❧❧❧❧❧❧❧❧❧❧❧❧❧
By applying the crossed product functor, we obtain
(A⋊α G)
(1⊗idA)⋊G ))❘❘
❘❘
❘❘
❘❘❘
❘❘
❘❘
ι⋊G
//❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴ (A∞ ⋊α∞ G)→ (A⋊α G)∞
(C(G)⊗A)⋊σ⊗α G
(φ⊗idA)⋊G
44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
Here the map (A∞ ⋊α∞ G) → (A ⋊α G)∞ is a natural extension of the embedding
A⋊α G→ (A⋊α G)∞.
Note that (φ˜ ⋊ G) ◦ (1C(G) ⊗ idA) ⋊ G = [1A∞ − φ(1C(G))]ueιA⋊αG and [1A∞ −
φ(1C(G))]ue is Murray-von Neumann equivalent to a projection in z(A∞ ⋊α∞ G)z.
Thus (1C(G) ⊗ idA)⋊G is tracially sequentially split.

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Corollary 3.8. Let G be a finite group and A be a separable unital C∗-algebra. Sup-
pose that α : G y A has a tracial Rokhlin property. Then if A has the following
properties, then so does A⋊G.
(1) simple,
(2) simple and stable rank one, simple and real rank zero,
(3) TA C or TAS,
(4) simple and Z-absorbing,
(5) simple and strict comparison property,
(6) simple and stably finite
Proof. Since
(C(G)⊗ A)⋊σ⊗α G ≃ (C(G)⋊σ G)⊗A
≃ M|G|(C)⊗ A,
(C(G)⊗A)⋊σ⊗α G belongs to TA C when A does. Then the conclusion follows from
Theorems 2.7, 2.8, 2.10, 2.12, 2.16, and 2.19, and Corollary 3.5. 
Another important notion including the crossed product construction as a example
is an inclusion of C∗-algebras with the finite index due to Watatani [20]. We briefly
recall the definition and related properties used later.
Definition 3.9 (Watatani[20]). Let P ⊂ A be an inclusion of unital C∗-algebras and
E : A → P be an conditional expectation. Then we way that E has a quasi-basis if
there exist elements uk, vk for k = 1, . . . , n such that
x =
n∑
j=1
ujE(vjx) =
n∑
j=1
E(xuj)vj .
In this case, we define the Watatani index of E as
IndexE =
n∑
j=1
ujvj .
In other words, we say that E has a finite index if there exist a quasi-basis.
It is proved that a quasi-basis can be chosen as {(u1, u
∗
1), . . . , (un, u
∗
n)} so that
IndexE is a nonzero positive element in A commuting with A. Thus if A is simple,
it is a nonzero positive scalar.
Definition 3.10 (Osaka and Teruya [16]). Let P ⊂ A be an inclusion of unital C∗-
algebras such that a conditional expectation E : A→ P has a finite index. We say E
has a tracial Rohklin property if for every positive element z ∈ P∞ there is a Rohklin
projection e ∈ A∞ ∩ A so that
(1) (IndexE)E∞(e) = g is a projection,
(2) 1 − g is Murray-von Neumann equivalent to a projection in the hereditary
subalgebra of A∞ generated by z in A∞,
(3) A ∋ x→ xe ∈ A∞ is injective.
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As we notice, the third condition is automatically satisfied when A is simple. As in
the case of action with the tracial Rohklin property, if P ⊂ A is an inclusion of C∗-
algebras and a conditional expectation E : A→ P with a finite index has the tracial
Rohklin property, or shortly P ⊂ A an inclusion with the tracial Rokhlin property,
then either A has property(SP) or E has the Rokhlin property (see [16, Lemma 4.3]).
A Typical example arises from a finite group action α of G on a C∗-algebra A; let Aα
be the fixed point algebra then the conditional expectation
E(a) =
1
CardG
∑
g∈G
αg(a)
is of a finite index if the action α : Gy A is free. Moreover, the following observation
was obtained by the second author and T. Teruya in [16].
Proposition 3.11. [16, Proposition 4.6] Let G be a finite group, α an action of
G on an infinite dimen- sional finite simple separable unital C∗-algebra A, and E as
above. Then α has the tracial Rokhlin property if and only if E has the tracial Rokhlin
property.
We note that in this case Aα is strongly Morita equivalent to A ⋊α G, thus if
the approximation property is preserved by the strong Morita equivalence, and if the
inclusion Aα ⊂ A of a finite index is tracially sequentially-split, then an approximation
property can be transferred to A⋊αG from A when α has the tracial Rokhlin property.
To show that the inclusion map P →֒ A is tracially sequentially-split, we begin to
restate [16, Lemma 4.10] as follows.
Lemma 3.12. Let p, q be two projections in P∞ and e ∈ A∞∩A
′ be a projection such
that (IndexE)E∞(e) is a projection in P∞ ∩ P
′. If pe = ep and q . pe in A∞, then
q . p in P∞
Theorem 3.13. Let P ⊂ A be inclusion of C∗-algebras and A be separable. Suppose
E : A → P has the tracial Rokhlin property. Then for any nonzero positive element
z ∈ P∞, there exists a projection e in a central sequence algebra of A such that
(IndexE)E∞(e) = g is a projection such that 1−g is Murray-von Neumann equivalent
to a projection in zP∞z in P∞.
Proof. Take a nonzero positive element z in P∞ and a projection q in zP∞z since P∞
has property (SP ). Write q = [(qk)k] where each qk is a projection in P . For each qk,
then there exists a projection ek ∈ A∞∩A
′ such that (IndexE)E∞(ek) is a projection
in P∞. Write ek = [(e
k
n)n] where e
k
n ∈ A
+ for n = 1, 2, . . . . Then
lim sup
n
‖(IndexE)E(ekn)(IndexE)E(e
k
n)− (IndexE)E(e
k
n)‖ = 0,
lim sup
n
‖eknqk − qke
k
n‖ = 0,
lim sup
n
‖ekna− ae
k
n‖ = 0 for a ∈ A.
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Now let Fk’s be increasing finite sets such that ∪∞k=1Fk = A. Then for each k ∈ N,
we can choose a subsequence of increasing nk’s such that
‖(IndexE)E(eknk)(IndexE)E(e
k
nk
)− (IndexE)E(eknk)‖ ≤ 1/2
k,(11)
‖eknkqk − qke
k
nk
‖ ≤ 1/2k,(12)
‖eknka− ae
k
nk
‖ ≤ 1/2k for a ∈ Fk.(13)
Then e1 = [(e
k
nk
)k] is a projection of A∞∩A
′ such that e1q = qe1 and (IndexE)E∞(e1)
is a projection. Now we take another Rokhlin projection e2 ∈ A∞ ∩ A
′ such that
(IndexE)E∞(e2) = g2 is a projection and 1 − g2 . qe1 in A∞. By Lemma 3.12,
1 − g2 . q in P∞. It follows that 1 − g2 is Murray- von Neumann equivalent to a
projection qP∞q ⊂ zP∞z in P∞. 
Corollary 3.14. Let P ⊂ A be an inclusion of unital C∗-algebras where A is simple
and separable and a conditional expectation E : A → P of finite Watatani index has
the tracial Rokhlin property. Then the inclusion P →֒ A is a tracially sequentially-split
∗-homomorphism.
Proof. Let z be a nonzero positive element P∞. Then there exists a projection e ∈
A∞ ∩ A
′ such that (IndexE)E∞(e) = g is a projection and 1 − g is Murray- von
Neumann equivalent to a projection r ∈ zP∞z in P∞. Then we set up a map β(a) =
(IndexE)E∞(ae). Note that β(p) = (IndexE)E∞(pe) = pg and 1 − β(1) = 1 − g
is Murray-von Neumann equivalent to a projection in zP∞z in P∞. It remains to
show that β is a ∗-homomorphism. But this comes from a property that β(x) is a
unique element in P∞ such that xe = β(x)e for x ∈ A (see [16, Lemma 4.7] for more
details). 
Corollary 3.15. Let P ⊂ A be an inclusion of separable unital C∗-algebras and
assume that a conditional expectation E : A→ P has the tracial Rohklin property. If
A satisfies one the following properties, then P does too.
(1) simple,
(2) simple and stable rank one, simple and real rank zero,
(3) TA C or TAS,
(4) simple and Z-absorbing,
(5) simple and strict comparison property,
(6) simple and stably finite
Proof. It follows from Theorems 2.7, 2.8, 2.10, 2.12, 2.16, and 2.19, and Corollary
3.11.

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